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We consider linear periodic chains of exciton-polariton condensates formed by pumping polaritons nonres-
onantly into a linear network. To the leading order such a sequence of condensates establishes relative phases
as to minimize a classical one-dimensional XY Hamiltonian with nearest and next-to-nearest neighbors. We
show that the low-energy states of polaritonic linear chains demonstrate various classical regimes: ferromagnetic,
antiferromagnetic, and frustrated spiral phases where quantum or thermal fluctuations are expected to give rise to
a spin-liquid state. At the same time nonlinear interactions at higher pumping intensities bring about phase chaos
and novel exotic phases.
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Frustrated spin systems represent one of the most de-
manding problems of condensed-matter physics [1,2]. Various
strongly correlated states are realized by Hubbard models [3,4]
that, in particular limits, reduce to spin models. Geometric
frustration leads to a rich variety of possible spin configurations
in the ground and excited states of these systems due to the
competition between interactions and the geometry of the spin
lattice with a potential of creating novel, exotic classical, and
quantum phases, such as resonating valence-bond states and
valence-bond solids, as well as various kinds of quantum, topo-
logical, and critical spin liquids [5,6]. A spin liquid is a much
sought state of matter with applications to high-temperature su-
perconductivity and quantum computation. In this state, spins
fluctuate in a liquid form without ever solidifying even in the
ground state [2]. In real systems, the classical spin Heisenberg
Hamiltonians are at best approximate. The real Hamiltonians
are affected by assorted perturbations, such as quantum and
thermal fluctuations, anisotropies, disorder, dipolar interac-
tions, and coupling to lattice degrees of freedom. Depending
on interactions and connectivity classical Heisenberg models
may exhibit frustration with a large ground-state degeneracy.
The ground-state manifold has no energy scale of its own,
and therefore such perturbations may bring about unusual
disordered spin liquids, Bose metal states with exotic excita-
tions, and novel phase transitions. The theoretical possibility of
quantum fluctuations combined with geometric spin frustration
has been hotly debated since Anderson proposed them in 1973
[7] and only recently have been realized experimentally [8].
It remains to be seen which exotic phases other types of
perturbations can produce. This can be elucidated by studying
emergence phenomena: the dynamical generation of new types
of degrees of freedom using some condensed-matter systems
to mimic (simulate) spontaneously and collectively different
ones, possibly unknown or otherwise unrealizable.
*Corresponding author: n.g.berloff@damtp.cam.ac.uk
Various systems have been proposed to act as analog
classical or quantum simulators to mimic condensed-matter
phenomena and realize disparate kinds of spin models: ul-
tracold atomic and molecular gases in optical lattices [9–12],
defects and vacancies in semiconductors or dielectric materials
[13,14], magnetic impurities embedded in solid helium [15],
photons [16], trapped ions [17,18], superconducting qubits
[19], a network of optical parametric oscillators [20,21], and
coupled lasers [22].
Recently, we introduced polariton graphs as a new platform
to study unconventional superfluids, spin liquids, and many
other systems based on the XY Hamiltonian [23]. Polariton
condensates can be imprinted into any two-dimensional graph
by spatial modulation of the pumping laser [24] and can
be easily scalable to a large number of lattice sites. In the
regime of nonresonant excitation, the individual condensates
in a polariton graph select their relative phases without the
influence of the pumping laser. The condensation is driven
by bosonic stimulation so that a polariton graph condenses at
the state with the phase configuration that carries the highest
polariton occupancy [25], which corresponds to the global
minimum of the XY Hamiltonian. The structure of the XY
Hamiltonian is set by the interaction strengths among the
condensates that are defined by the system’s parameters, such
as the graph geometry, the pumping profile, and intensity.
The XY model is a mathematical abstraction of the spin
system, such as a disordered magnetic material composed
of competitively interacting spins. For such a system, a spin
indexed by i is represented by a two-dimensional unit vector
si = (cos θi, sin θi), and the energy is expressed by the XY
Hamiltonian HXY = −
∑
i<j Jij si · sj = −
∑
i<j Jij cos(θi −
θj ), where Jij denotes the coupling coefficient between the
ith and j th spins. We refer to the coupling as ferromagnetic
(antiferromagnetic) if Jij > 0 (Jij < 0). The XY model is
a limiting case of the Heisenberg spin model or n-vector
model for n = 2. The vectors correspond to the directions
of the spins (originally quantum mechanical) in a material
in which the z component of the spins couples less than the
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x and y components. Since HXY is the simplest model that
undergoes the U (1) symmetry-breaking transition, it has been
discussed in the connection to classical magnetic systems,
unconventional superfluids, topological quantum information
processing and storage, quantum phase transitions, spin-liquid,
spin-ice phases, and high-Tc superconductivity.
In this Rapid Communication, we propose to exploit the
properties of polariton graphs to generate various frustrated
states and spinor phases. In particular, we show that at the
condensation threshold depending on the structure of the
corresponding XY Hamiltonian the polariton condensates
establish the relative phases that correspond to the classical
ferromagnetic, antiferromagnetic, frustrated states, as well as
the novel exotic states that can be associated with a spin wave,
spin liquid, phase chaos, and crossbreeds between them.
The theoretical approach, presented here, is based on the
well-known complex Ginzburg-Landau equation (cGLE) with
a saturable nonlinearity [26,27], that was successfully used
for the modeling of polariton condensates. Written for the
condensate wave-function ψ in one dimension, the cGLE
reads as
ih¯
∂ψ
∂t
= − h¯
2
2m
(1 − iηdNR)ψxx + U0|ψ |2ψ + h¯gRNR(x)ψ
+ ih¯
2
(RRNR(x) − γC)ψ, (1)
where NR = P (x)/(γR + RR|ψ |2) is the density of the hot
exciton reservoir, m is polariton effective mass, U0 and gR
are the strengths of effective polariton-polariton and polariton-
exciton interactions, respectively, ηd is the energy relaxation
coefficient specifying the rate at which gain decreases with
increasing energy, RR is the rate at which the reservoir excitons
enter the condensate, γC and γR are the rates of the condensate
polaritons and reservoir excitons’ losses, respectively, and P is
the pumping into the reservoir. When pumped into several spots
with the outflows from each spot reaching its neighbors the
system establishes a global coherence with a chemical potential
μ if the characteristics of the pump (intensity, spatial shape)
and spots connectivity are not vastly different from one spot to
another. The steady state of such a system satisfies
μ = −(1 − iηn)xx + ||2 + gn(x) + i[n(x) − γ ],
(2)
n = p(x)(1 + b||2) , (3)
where we nondimensionalized Eq. (1) using ψ →√
h¯2/2mU0l2, r → lr, t → 2mtl2/h¯ and introducing
the notations g = 2gR/RR, γ = mγCl2/h¯, p = ml2RRP (r)/
h¯γR, η = ηd h¯/mRRl2, and b = RRh¯2/2ml2γRU0. We choose
the unit length as l = 1 μm. The Madelung transformation
 = √ρ exp[iS] relates the wave function to densityρ = ||2
and velocity u = Sx . To derive the coupling strength we
consider a single pumping spot centered at the origin and
exponentially decaying to zero away from it. At large x, where
p(x) = 0, the velocity u is given by the outflow wave-number
kc = const with ρx/ρ = −γ /kc, which can be integrated to
yield ρ ∼ exp[−xγ /kc]. From Eq. (2), therefore, we obtain
μ = k2c − γ 2/4k2c at infinity.
The wave function, that approximately describes the system
of 	 identical pumping spots at positions xi , takes the form
g(x) ≈
∑	
i=1 i(x − xi) where the wave function of a single
pumping spot centered at x = xi can be approximated by
i(x − xi) =
√
ρ(x − xi) exp[(ikc|x − xi |) + iθi], where θi
is a space-independent part of the phase. In the expression
for the space varying phase we neglected the healing of the
outflow velocity to zero at the center of the pump. This
healing occurs on the length scale on the order of the width
of the pump and can be neglected when evaluating the integral
quantities over the entire sample. We note that nonlinearity of
the system affects the assumption of the linear superposition
of the individual wave functions in several ways: not only
it rescales the single wave function in the superposition and
decreases the chemical potential of the superposition in the
steady state, but also it may bring about periodic and disordered
fluctuations of the phase differences between the condensates
for short distances between the pumping spots. However, for
well-separated condensates this approximation is valid.
Depending on the pumping parameters, the system will lock
with the relative phases θij ≡ θi − θj between sites i and j to
achieve the highest occupation number—the total amount of
matter given by D = ∫∞−∞ |g|2dx [25]. To evaluate D we
work in the Fourier space and write
D = 1
2π
∫
|̂g(k)|2dk ≈ 12π
∫ ∣∣∣∣∣
∑
i
̂i(k)
∣∣∣∣∣
2
dk
= 	D0 + 1
π
∑
i<j
∫
(̂i̂∗j + c.c.)dk, (4)
where D0 is the number of particles of a single isolated
condensate, ̂g(k) is the Fourier transform of g , and
̂i(k) =
∫ ∞
−∞
i(x − xi) exp(−ikx)dx
= exp(−ikxi)
∫ ∞
−∞
i(α) exp(−ikα)dα
= exp(−ikxi + iθi)ψ̂(k), (5)
ψ̂(k) = 2
∫ ∞
0
√
ρ(α) exp(ikcα) cos(kα)dα. (6)
Denoting the distances between the spots as xij = xi − xj we
substitute (5) into the integral in Eq. (4) to get
D = 	D0 + 2
π
∑
i<j
cos θij
∫ ∞
0
|ψ̂(k)|2 cos(kxij )dk. (7)
This implies that during the condensation the system of
pumping spots establishes the phase difference in such a way
as to minimizeHXY where the coupling strengths are given by
Jij = 2
π
∫ ∞
0
|ψ̂(k)|2 cos(kxij )dk. (8)
To obtain an analytical approximation of the coupling
strengths and a criterion for the switching between the ferro-
and the antiferromagnetic connections along the chain of
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pumped condensate, we parametrize the amplitude of the
condensate by the inverse width β and the height A:
√
ρ(x) ≈
A exp[−β|x|]. We expect the width and the height of the
condensate to correlate with the width and the intensity of
the pumping profile, respectively. For this approximation of
the amplitude the integrals in Eqs. (7) and (8) can be evaluated
exactly,
ψ̂(k) = 2A
∫ ∞
0
exp(−βα + ikcα) cos(kα)dα
= 2A(β − ikc)
β2 + k2 − 2iβkc − k2c
, (9)
Jij = 8A
2
π
∫ ∞
0
(
β2 + k2c
)
cos(kxij )dk
β4 + (k2 − k2c )2 + 2β2(k2 + k2c ) . (10)
Applying the residue theorem for evaluating the last inte-
gral, we obtain the closed-form expression for the coupling
constants,
Jij = 2A2
[
1
β
cos(kcxij ) + 1
kc
sin(kcxij )
]
e−βxij . (11)
This expression determines the switching of ferro- and antifer-
romagnetic couplings between the neighbors since the sign of
Jij is set by the expression cos(kcxij )/β + sin(kcxij )/kc. If the
pumping profile is wide (β is small), the sign of the interactions
is determined by cos(kcxij ), which is what we expect directly
from Eq. (8) since |ψ̂(k)|2 ∼ δ(k − kc) for a wide pumping
spot.
Now we consider a linear periodic chain of 	 equidistant
polariton condensates separated by xij = d. This chain can
be achieved by creating a sequence of trapped condensates
[28,29] or by pumping condensates around a circle [23,30].
The corresponding XY model takes the form H = −J1
∑
i si ·
si+1 − J2
∑
i si · si+2 where the sum is over all 	 condensates
with periodic boundary conditions. In the case of J2 = 0 the
model is integrable [31], whereas for J2 	= 0 the exact solutions
were found for a limited set of values of J2/J1. Frustrated
phases of the classical as well as the quantum spin-1/2 sys-
tem with nearest-neighbor and next-nearest-neighbor isotropic
exchanges known as the Majumdar-Ghosh Hamiltonian have
been extensively studied [32,33]. Classically, three regimes
were identified for 	 → ∞: ferromagnetic for J1 > 0, J2 >
−J1/4, antiferromagnetic for J1 < 0, J2 > J1/4, and the frus-
trated (spiral) phase otherwise as the inset in Fig. 1 illustrates.
In the frustrated phase the pitch angle of the spiral is φ =
cos−1(−J1/4J2) [33]. Quantum fluctuations lower the ground
state and shift the phase transition from the spin-liquid state at
J2 = 0 to a dimerized regime with a gap to the excited states
at J2 = 0.2411J1; the transition from the antiferromagnetic
phase to dimerized singlets takes place at J2 = J1/2 [32]. In
what follows, we elucidate if a polariton linear periodic chain is
capable of reproducing the characteristics of classical regimes
and what new physics arises due to nonlinear interactions of
polaritons.
We plot the values of J2/J1 found from Eq. (11) in
Fig. 1 and demonstrate that for the experimentally achievable
polariton spot widths and wave vectors the values ofJ2/J1 from
−0.3 to 0.3 should be realizable. This suggests that all three
FIG. 1. A contour plot of frustration parameter J2/J1 as a function
of kcd and β/kc, where kc is the polariton outflow wave vector,
β is the inverse width of the polariton spot, and d is the distance
between the two adjacent spots. The coupling strengths J1 and J2 are
calculated from Eq. (11) for the distances d and 2d , respectively. The
sign changes for J1 are shown by the black solid lines. The inset shows
the different regimes of the classical XY model on the J2-J1 plane:
ferromagnetic, antiferromagnetic, and frustrated.
of the classical regimes, that are depicted in the inset of the
Fig. 1, should be accessible in a linear periodic chain.
Next we consider 12 condensates in a linear periodic chain
and numerically integrate Eq. (1) for a variety of distances
between the spots. For each configuration we start from 100
random initial distributions of phases to find the ground-state
configurations. Figure 2 identifies ferromagnetic, antifer-
romagnetic, and spiral spin-wave phases that represent the
ground states of the one-dimensional XY model. The polariton
densities (the blue solid lines) are clearly displaced from the
FIG. 2. Polariton densities (the blue solid line) and velocities
(the red dashed lines) for 12 condensates obtained by numerical
integration of Eq. (1) with periodical boundary conditions. Pumping
profiles are shown with the green solid lines. Panel (a) shows the
ferromagnetic state, (b) corresponds to antiferromagnetic state with
a π -phase difference between the adjacent sites, and panel (c) shows
the frustrated state. The distances between the nearest condensates
are d = 5.4, d = 6.9, and d = 6.5 μm for (a)–(c), respectively.
The numerical parameters for one-dimensional simulations are η =
0.4, b = 1.5, γ = 1, p0 = 5, σ = 0.4, g = 2.5.
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FIG. 3. Density snapshots (left panel) and the far-field emission (central panel) at a fixed time for 12 condensates arranged in a circle
obtained by numerical integration of two-dimensional version of Eq. (1). The right panels show the evolution of the phases (relative to one
fixed spin) between adjacent spots with (c) 12-ps and (f) 10-ps time laps between the spin configurations. The highlighted with blue circles
spin configurations in (c) and (f) correspond to the density profiles (a) and (d) and the far-field emissions (b) and (e). The steady spins of the
spots are marked with orange circles in (c) and (f). We use the simulation parameters that were found to agree with experimental data in our
previous works [23,30] except for the pumping intensity which is 2.6 times larger to bring about a nonstationary state; the distances between
the adjacent sites are 6.4 μm (a)–(c) and 7 μm (d)–(f).
pumping profiles (the green solid lines) in the case of the
spin-wave state which is depicted in Fig. 2(c). This state has a
distinguished velocity pattern (the red dashed lines) compared
to the other two classical states in Figs. 2(a) and 2(b). The
experimental systems may suffer from noise, sample disorder,
and interactions with impurities, so we have repeated the
numerical simulations with the Langevin noise described in our
previous work [25]. This noise introduces small oscillations
around the steady states but has no effect on the time-averaged
solutions that coincide with those found without the Langevin
noise term.
We have also considered the full two-dimensional system
with pumping spots equidistant around a circle. For pump-
ing intensities just above the threshold the same classical
phases are obtained. As the pumping intensity increases, the
nonlinearity of the system destabilizes the frustrated state
and produces spin fluctuations as Figs. 3(a)–3(c) illustrate,
suggesting the formation of a nonstationary and chaotic spin
wave which could be related to phase chaos [34]. Direct
observation of nonstationary states in experiments would
require time-resolved measurements on time scales that are
challenging with current experimental configurations. Note
that this is the lowest-energy state with respect to the XY
Hamiltonian as it carries the largest number of particles for
the given network configuration. It suggests that the pumping
intensity can be used to continuously move between various
state configurations: frustrated states, spin waves, spin liquids,
phase chaos, etc., and to study transitions between them. For
instance, Figs. 3(d)–3(f) demonstrate a nonstationary state of
two spin waves of different periods (one or three spins). The
spectral weights at a fixed time [Figs. 3(b) and 3(e)] reflect the
symmetry of the lattice.
Nonstationary spin-wave states can be detected in the
momentum- and energy-resolved photoluminescence spectra,
which can be directly measured in the far field. Figure 4
shows the spectral weight I (ω,k) = | ∫∫ (r,t) exp[−ik · r −
iωt]dt dr|2 as a function of (ω,kx,ky = 0). In the case of the
nonstationary state depicted in Figs. 3(a)–3(c), spins reorient
FIG. 4. The spectral weight plots for ky = 0 of the two-
dimensional nonstationary spin-wave states from Figs. 3(a)–3(c) in
(a) and from Figs. 3(d)–3(f) in (b). Both plots are saturated at the same
level of 0.2 to make the energy levels more visible and to provide an
easier comparison between the states.
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themselves randomly with time cycling through different
microstates with the density distribution depicted in Fig. 4(a).
The state shown in Figs. 3(d)–3(f) is a more regular state
with the energy spectrum shown in Fig. 4(b) indicating several
well-separated energy levels. The stationary state would, in
contrast, show only one energy level [35,36].
The frustrated states that we found in the linear periodic
chain of the polariton’s graphs correspond to superfluids at
nonzero quasimomentum and, therefore, exhibit nontrivial
long-range phase order. The spiral phases spontaneously break
time-reversal symmetry by generating bosonic currents around
the sites of the polariton’s graphs.
In conclusion, we considered polariton condensates ar-
ranged in a periodic linear chain. We evaluated the interaction
strength between the condensates analytically in terms of
the outflow wave vector, pumping width and strength, and
the distance between the condensates. We have identified
the parameter regime where the interactions beyond the next
neighbors become important and lead to the appearance of the
classical frustrated state. The nonlinear interactions beyond the
linear approximation lift the ground-state degeneracy and facil-
itate the formation of a disordered state. We demonstrated that a
sequence of polariton condensates is capable of supporting not
only classical ground states of the XY model with nearest- and
next-to-nearest-neighbor interactions, but also exotic states,
such as nonstationary spin waves that may be associated with
spin liquids or phase chaos. This observation opens a new path
for studying such novel states of matter.
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